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Using a mathematical model of the epidermis, we propose a mechanism of epidermal homeostasis
mediated by calcium dynamics. We show that calcium dynamics beneath the stratum corneum can
reduce spatio-temporal ﬂuctuations of the layered structure of the epidermis. We also demonstrate that
our model can reproduce experimental results that the recovery from a barrier disruption is faster when
the disrupted site is exposed to air. In particular, simulation results indicate that the recovery speed
depends on the size of barrier disruption.
& 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).1. Introduction
It is widely recognized that skin is not just a boundary
demarcating the body from the environment, but serves as a
barrier, particularly against water loss (Elias and Feingold, 2006).
Responsible for this barrier function is the stratum corneum (SC),
the outermost structure of the epidermis, which consists of cor-
niﬁed cells and inter-cellular lipids. In healthy normal skin, its
barrier function is fully expressed by ordered arrangement of the
corniﬁed cells (Elias and Feingold, 2006), and, therefore, structural
disruption caused by skin diseases such as atopic dermatitis and
psoriasis can lead to deterioration of the barrier function (Harding,
2004).r Ltd. This is an open access article
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c.jp (Y. Kobayashi),Epidermal cells produced in the basal layer start a differentia-
tion process during migration to the upper layers, undergo cor-
niﬁcation to become part of the SC, and ﬁnally get removed from
the surface (desquamation). In this continuous supply and removal
of cells, an ordered layer structure of the SC emerges in a self-
organized manner as a dissipative structure, in the sense that it
can be recovered in a few days when its structure is mechanically
disturbed (Elias and Feingold, 2006).
Mathematical modeling is quite often useful to get insights into
the underlying mechanism of such self-organized systems, and
epidermal models have been proposed so far: Nakaoka and Aihara
(2013) proposed a lattice model of stochastic cell dynamics. Also,
Schaller and Meyer-Hermann (2007) proposed a particle dynamics
model to account for tumor growth. In both models, homeostasis
is discussed in terms of the population of cells in individual layers
of the epidermis. In order to understand epidermal homeostasis in
relation to its barrier function, however, we also need to focus on
spatio-temporal structures of the SC. Several particle-based mod-
els have been proposed for epidermal structures (Stekel et al.,under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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they do not succeed in forming a ﬂat structure of the SC.
Recent studies have revealed that calcium plays important roles
on epidermal homeostasis. For instance, genetic skin diseases can
be induced by the mutation of the calcium pump and gap junc-
tions (Sakuntabhai et al., 1999; Hu et al., 2000; Mese et al., 2007),
and abnormal calcium distribution is observed in diseased skin
(Forslind et al., 1999). More precisely, it has been reported that the
calcium distribution beneath the SC is closely related to the status
of the skin: in normal skin, a localized layer of calcium was
observed in the cells just below the SC; and when the SC was
impaired, this localization of calcium was lost (Mauro et al., 1998;
Denda et al., 2000). Also, calcium wave propagation was found in
cultured keratinocytes (grate majority of epidermal cells) when
exposed to air (Denda and Denda, 2007), which implies the rela-
tionship between calcium signaling and the damage of the skin.
These ﬁndings seem to make a strong case that calcium localiza-
tion has an important role in the maintenance and the recovery of
the SC.
Although the calcium localization in the epidermis has been
mathematically modeled by Cornelissen et al. (2007) and then by
Adams et al. (2012), how it affects the structure of the epidermis is
still unclear. The effect of calcium ions on proliferation and dif-
ferentiation has been introduced into a particle-based model
(Walker et al., 2006; Sun et al., 2007) to investigate colony for-
mation of keratinocytes, but its effect on the structure of the
epidermis has not been addressed. Also, Grabe and Neuber (2005)
has simulated the epidermal structure using a particle-based
model that takes into account calcium ions, which reproduced a
ﬂat epidermal surface. However, the role of calcium ions in the
mathematical model is unclear, and hence their model gives little
insight into the mechanism for the creation of a ﬂat SC.
In this paper, we propose a particle-based mathematical model
of the epidermis where calcium dynamics is incorporated, and
demonstrate that epidermal homeostasis can be maintained with
the aid of calcium dynamics. In particular, we will show that cal-
cium dynamics can suppress spatio-temporal ﬂuctuation of the
boundary of the stratum corneum. Using this model, we will also
perform numerical experiments on barrier disruption to investi-
gate a possible role of calcium dynamics on the recovery process.
Epidermal homeostasis is strongly disturbed by various kinds
of skin diseases, and the involvement of calcium in such skin
disorders is reported (Proksch et al., 2008). Since our calcium
model is based on actual responses of the keratinocytes to
mechanical stimuli under various conditions (Kobayashi et al.,
2014), effects of these factors can in principle be investigated with
our model. It is thus expected that our model might be used as a
tool for the numerical investigation of skin diseases.2. The model
We formulate our model of epidermis by taking into account
the following properties: reproduction in the basal layer, migra-
tion towards the outer layers, differentiation, and calcium
dynamics.
Cell i is represented as a sphere with the position xiðtÞ ¼ ðxiðtÞ;
yiðtÞ; ziðtÞÞ and the radius ri(t), deﬁned in a three-dimensional space
Ω¼ ½0; Lx  ½0; Ly  ½0; Lz, where the plane z¼0 deﬁnes the
boundary of the dermis. On top of the dermis we have the basal
layer, deﬁned as 0ozozn, which contains proliferating cells, and
on top of it is the suprabasal layer, deﬁned as zZzn, where cells
are in the process of differentiation or corniﬁed. Proliferation and
differentiation are characterized by the phase ϕiðtÞ and the state
variable Si(t), respectively. In particular, corniﬁcation occurs when
the state variable reaches a certain value. Both proliferation anddifferentiation are affected by the intra-cellular calcium, denoted
by ci(t). Dynamics of each variable is detailed below.
2.1. Cell reproduction in the basal layer
In the basal layer, we assume two types of proliferative cells:
stem cells can reproduce inﬁnite number of times, while transit
amplifying (TA) cells can reproduce only ﬁnite times. A stem cell
reproduces one TA cell, and a TA cell reproduces itself.
The phase of the cell division cycle ϕiðtÞ evolves in time as
_ϕi ¼ωþαðcic0Þþ ; ð1Þ
where ðxÞþ equals x if x is positive and otherwise 0;ω;α, and c0 are
constants; c0 is the value of calcium at the rest state. It is assumed
that the cell cycle accelerates when intra-cellular calcium increa-
ses, reﬂecting an experimental result (Rizk-Rabin and Pavlovitch,
1993; Vandenberghe et al., 2013). When ϕi ¼ 2π, the cell i enters
the cell division period, where the division occurs in a stochastic
way, following the Poisson process with the rate γdiv. Therefore, in
the absence of calcium excitation ð _ϕi ¼ωÞ, the average cell divi-
sion time is given by Tdiv ¼ 2π=ωþ1=γdiv.
When cell i at xi with the radius ri exhibits a cell division, two
new cells j, k are provided with the radii rj;k ¼ ri=2 and the posi-
tions:
xj;k ¼ xi7t
ri
2
; ð2Þ
where the positive and the negative signs correspond to j and k,
respectively; the unit vector t is tangent to the dermal surface
z¼ 0, and its orientation is randomly assigned. After the cell
division, the radius grows according to the logistic equation:
_r j ¼ CrjðrmaxrjÞ: ð3Þ
The parameters ω; γdiv, and C are chosen in such a way that the cell
maximally grows before a next cell division cycle comes. Hence a
newly born cell is eventually assigned the initial radius rj ¼ rmax=2.
Cells created by a stem cell are assigned the maximum number of
cell divisions; cells created by a TA cell with m40 remaining cell
divisions are assigned m1 remaining cell divisions; TA cells with
m¼ 0 do not commit a cell division.
We assume that, while the stem cells are tightly bound to the
dermis, TA cells are comparatively loosely bound, so that the TA
cells can migrate to the suprabasal layer. Once a TA cell leaves the
basal layer, it is considered to start a differentiation process, and
the binding force to the dermis is set to zero.
2.2. Differentiation in the suprabasal layer
The differentiation process is determined by the variable SiðtÞ :
Si ¼ 0 for cells in the basal layer, and Si40 for cells in the supra-
basal layer. Differentiation process starts when cells leave the basal
layer and enter the suprabasal layer, where Si obeys the following
calcium-dependent dynamics:
_Si ¼ω0 þα0ðcic0Þþ ; ð4Þ
where ω0 and α0 are constants: the constant ω0 reﬂects the
advance of differentiation in the presence of extra-cellular calcium
(Elias et al., 2002). Differentiation is also affected by intra-cellular
calcium (Fuchs, 1990; Hennings et al., 1980; Boyce and Ham, 1983).
Cells undergo corniﬁcation at Si ¼ SSC, and desquamation at Si ¼ Sd.
Thus the cells with SSCrSirSd form the SC.
2.3. Kinetic interaction among cells
Cells produced in the basal layer migrate outward by the
excluded volume effect: we assume a short-range repulsive
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dynamics are described by the following overdamped equation of
motion:
μ _x i ¼ 
∂
∂xi
X
j
VLJðjxixj j ; ri; rjÞþEi
0
@
1
A: ð5Þ
Summation is taken over the cells which are in the vicinity of the
cell i deﬁned as jxixj jrdnðriþrjÞ, where the constant dn is
chosen in such a way that the interaction at jxixj j ¼ dnðriþrjÞ is
sufﬁciently small and thus negligible. The potential Ei represents
the binding to the dermis. For cells in the suprabasal layer Ei ¼ 0;
for cells in the basal layer, the following elastic potential is
assigned:
Ei ¼
Ks;t
2
ðziriÞ2; ð6Þ
where Ks and Kt correspond to the force constants for the stem
cell and the TA cell, respectively. We assume Ks4Kt , and the
values are chosen in such a way that only the TA cells have a
chance to leave the basal layer. The elastic force vanishes when the
cell leaves the basal layer. We have conﬁrmed that, with a proper
choice of parameters, stem cells stayed in the basal layer
throughout the numerical simulations.
The potential VLJ must be chosen so as to realize the excluded
volume effect. Here we have assumed the Lennard-Jones-type
short-range repulsive interaction with weak attraction:
VLJðr; ri; rjÞ ¼ ϵ
riþrj
r
 6
1
2
riþrj
r
 12( )
: ð7Þ
2.4. Calcium dynamics model
For the dynamics of ciðtÞ, we adopt our previous model for
in vitro calcium dynamics in keratinocytes (Kobayashi et al., 2014),
the basic ideas of which are as follows:
Each keratinocyte stores calcium ions in the endoplasmic reti-
culum (ER). The ER releases calcium ions when one of the two
receptors for calcium ions and another one for inositol trispho-
sphate (IP3) are activated, and this fast activation is followed by
slow inactivation. IP3 is synthesized inside the cell when extra-
cellular ATP molecules are detected by ATP receptors on cell
membranes. Excitations of neighboring cells are induced by the
diffusion of ATP outside the cells and that of IP3 and calcium ions
through gap junctions.
Thus our calcium model consists of Aðx; tÞ (extra-cellular ATP
concentration), PiðtÞ (IP3 concentration in the ith cell), ciðtÞ (cal-
cium ion concentration in the ith cell), wijðtÞ (activity of the gap-
junctions between cells i and j), and hiðtÞ (inactivation variable of
the ith cell). In the previous work (Kobayashi et al., 2014), we
successfully described ﬁnite-range wave propagation that was
found in an experiment of mechanically stimulated cultured ker-
atinocytes by using this model. For the present purpose, we
modify the previous model to represent the keratinocytes'
dependence on the degree of differentiation, such as the gap-
junction conductivity, the timescale of the inactivation variable,
and the sensitivity to ATP. The details of the model are described in
the Appendix.
Interestingly, our previous model could also reproduce a loca-
lized ring pattern around a dead cell, which was also experimen-
tally observed (Tsutsumi et al., 2013). In this experiment, it was
suspected that some stimulant released by the dead cell caused
the localized ring-like calcium excitation. We speculate that this
localized ring pattern is the origin of the formation of calcium
localization beneath the SC, where keratinocytes might release
some stimulants prior to corniﬁcation.Hence, in addition to the above modiﬁcation, we assume that a
stimulant Bðx; tÞ, which induces calcium excitation, is released by a
cell whose state variable SiðtÞ is close to the threshold of corniﬁ-
cation, and consider the following dynamics of Bðx; tÞ:
∂Bðx; tÞ
∂t
¼ dBΔBκBBþF0
X
j
θðrjjxxj j ÞθðSjðtÞS1ÞθðS2SjðtÞÞ;
ð8Þ
where θðxÞ is the Heaviside function, and the constants S1 and S2
are chosen so as to satisfy S1oSSCoS2. The summation is taken
over the suprabasal cells.
Corniﬁed cells are considered to be dead, and thus they do not
participate in calcium dynamics: their calcium levels are set to c0.
2.5. Numerical simulation
For numerical simulation, we set the time step Δt ¼ 0:01. The
system size is ðLx; Ly; LzÞ ¼ ð50:0;50:0;100:0Þ. For particle dynamics,
periodic boundary conditions are applied in x and y. We have
conﬁrmed in numerical simulations that Lz is sufﬁciently large so
that the uppermost particles are removed by desquamation before
reaching z¼ Lz .
The parameters for calcium dynamics are given according to
our previous work (Kobayashi et al., 2014), where the values are
chosen in such a way that basic features of calcium dynamics are
reproduced (also see the Appendix). The other parameters are
determined in such a way that the numerical results approximate
real epidermis as good as possible. In particular, the following
data are used for the guidance: the average turnover period
(28 days), the period from the start of differentiation to terminal
differentiation (14 days), the cell division period (2 days), the
average thickness of the epidermis (50 μm), and the typical cell
size (5 μm). With the time scales being measured by the cell
division period, we obtain two non-dimensionalized parameters,
namely the renormalized turnover period τt ¼ 14 and the renor-
malized differentiation period τd ¼ 7. Similarly, the thickness of
the epidermis is rescaled by the cell size to obtain the renorma-
lized thickness h¼ 10. Also, the strength of the source of the sti-
mulant, which affects the thickness of the calcium localization
layer, is determined so as to ensure that this thickness is limited to
one cell layer. The corresponding parameter values are chosen as
follows: ω¼ 0:0170;α¼ 0:698; c0 ¼ 0:122; γdiv ¼ 0:00813; zn ¼ 2:4,
rmax ¼ 1:4;ω0 ¼ 0:005;α0 ¼ 0:05; SSC ¼ 22:0; Sd ¼ 31:3, μ¼ 1:0; dn ¼
1:3;Ks ¼ 5:0, Kt ¼ 0:5; ϵ¼ 1:0; S1 ¼ 21:4; S2 ¼ 22:5; dB ¼ 0:0009; κB ¼
0:025, and F0 ¼ 1:0.
In the basal layer, eight stem cells are randomly placed, which
approximately account for four percent of the total population in
this layer. The maximum number of cell divisions of the TA cells
are set to ten.
The timescale of calcium dynamics in the epidermis is the
order of seconds and minutes. On the other hand, cell division and
the accompanying migration are of the order of hours. Therefore it
is expected that different timescale can be utilized to calculate
calcium dynamics. Since major change of calcium distribution in
our system occurs when a cell corniﬁes, where the stimulant
secreted from the corniﬁed cell excites the neighboring cells, we
adopt the following computation algorithm. We calculate the cell
dynamics [Eqs. (1), (3), (4), and (5)] together with the dynamics of
the stimulant (8) with the calcium levels kept as constant. When a
certain number of cells (we choose 20 throughout our simulations)
cornify, we switch to the computation of calcium dynamics [Eqs.
(19)–(23)] for a certain time interval, with the variables ðri; Si;ϕi;BÞ
unchanged, until the system reaches a steady state. Then we
return to the cell dynamics, where the obtained equilibrium cal-
cium levels are assigned.
Fig. 1. Numerical simulation of the epidermis with and without calcium dynamics. (A,B) whole structure of the calculated epidermis, without calcium dynamics (A) and with
calcium dynamics (B). The dermal boundary at the bottom is colored gray; corniﬁed cells are represented by white spheres; non-corniﬁed cells are colored depending on the
calcium level. (C,D) Visualization of only the basal layer and the boundary layer; (C) and (D) correspond to (A) and (B), respectively. The basal layer contains stem cells (green)
and TA cells which are reproducible (blue) or no longer reproducible (gray). (For interpretation of the references to color in this ﬁgure caption, the reader is referred to the
web version of this paper.)
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3.1. Calcium suppresses spatio-temporal ﬂuctuations
Here we ask if a well-deﬁned corniﬁed cell layer emerges as a
steady state. To see how calcium dynamics affects the overall
behavior of the model epidermis, we ﬁrst perform a numerical
simulation with computing calcium dynamics, ﬁxing all values of
ciðtÞ to ciðtÞ ¼ c0. The result is shown in Fig. 1(A), where corniﬁed
cells are intermingled with non-corniﬁed cells, and their boundary
is unclear. In contrast, when we compute a full model, including
calcium dynamics, the boundary becomes clearer, as shown in
Fig. 1(B). The difference is more visible if we compare Fig. 1(C)
(without calcium dynamics) and Fig. 1(D) (with calcium dynam-
ics), where, in addition to the basal layer, we show the boundary
layer, a set of non-corniﬁed suprabasal cells which are in contact
with the corniﬁed cells. Here the spatial homogeneity of the SC
boundary is more obvious. It is also noted that, in Fig. 1(D), the
cells in the boundary layer exhibit calcium excitation. In other
words, a calcium localization layer is formed beneath the stratum
corneum.
In our model, calcium affects both the speed of terminal dif-
ferentiation and the cell division (Eqs. (4) and (1)). In order to
check the effect of calcium more precisely, we introduce a para-
meter λ, the modiﬁer of calcium dynamics, and replace the para-
meters α and α0 in Eqs. (4) and (1) with λα and λα0. For different
values of λ we measure the number of TA cells ½ntaðtÞ, the supra-
basal cells which are non-corniﬁed ½nncðtÞ or corniﬁed ½ncðtÞ, and
the cells in the boundary layer ½nbðtÞ. Fig. 2 shows the time
average of these values, denoted by 〈⋯〉, against λ. Error bars
represent the standard deviation obtained from the temporal
variation. We observe that, while 〈nta〉 and 〈nc〉 remains unchan-
ged, 〈nnc〉 and 〈nb〉 decreases as λ increases. In particular, 〈nb〉
decreases faster than 〈nnc〉. The standard deviation of nbðtÞ also
decrease, while those of the other three show no signiﬁcant dif-
ferences, being small regardless of the values of λ. In other words,
populations in the three regions are well maintained even when
we neglect calcium dynamics, while the boundary is strongly
affected by calcium dynamics.
These observations can be understood as follows: constant
values of 〈nta〉 and 〈nc〉 with respect to λ reﬂect the fact that cal-
cium is well localized around the boundary layer and does not
affect the basal layer nor the SC; the linear dependence of 〈nnc〉reﬂects the fact that the thickness of the entire epidermis
decreases linearly with λ, presumably caused by calcium-aided
acceleration of differentiation; the faster decrease of 〈nb〉 reﬂects
the spatial smoothing of the boundary layer, also caused by cal-
cium dynamics. To quantify the degree of spatial homogeneity, we
introduce the following cost function:
E¼ 1
Nb
X
jAΩb
ðzjzÞ2
r2max
; ð9Þ
whereΩb is the set of cells in the boundary layer, Nb is the number
of the cells in Ωb, and z 
P
jAΩb zj=Nb. EZ0 in general, and E¼ 0
when the boundary layer is completely ﬂat. As shown in Fig. 3(A),
if calcium dynamics is absent ðλ¼ 0Þ, the cost function E has large
values and ﬂuctuates in time, and as λ increases, E tends to have
smaller values, with smaller ﬂuctuations. The systematic decrease
of the time average 〈E〉 and the standard deviation (shown as error
bars) of EðtÞ with respect to time are shown in Fig. 3(B). Thus we
conclude that, in our model, calcium dynamics suppresses spatial
and temporal ﬂuctuations of the boundary layer, contributing to a
well-deﬁned layered structure.
Another measure, which quantiﬁes the overlap of the dis-
tributions of the non-corniﬁed and corniﬁed suprabasal cells in
the z-direction, will illuminate how calcium enhances the layered
structure. Let us divide the region 0rzrLz into N regions, and
count the number of the non-corniﬁed suprabasal cells in them-th
region, denoted by Pncm :
Pncm ¼
X
jAΩnc
χmðzj;ΔÞ; ð10Þ
where Ωnc is the set of non-corniﬁed suprabasal cells, and
χmðz;ΔÞ ¼
1 ðm1ÞΔrzomΔ;
0 else;
(
ð11Þ
with Δ¼ Lz=N. The number of the corniﬁed cells in the m th layer,
Pcm, can also be deﬁned in the same way as
Pcm ¼
X
jAΩc
χmðzj;ΔÞ; ð12Þ
where Ωc is the set of the corniﬁed cells. Then we deﬁne the
Fig. 2. Calcium dependence of population in individual layers. Time averages of the number of TA cells ð〈nta〉Þ, suprabasal cells which are not corniﬁed ð〈nnc〉Þ, corniﬁed ð〈nc〉Þ,
and cells in the boundary layer ð〈nb〉Þ, as a function of the modiﬁer of calcium dynamics λ. Error bars represent the standard deviation obtained from the time series.
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Fig. 3. Calcium dependence of the cost function. (A) Time series of the cost function EðtÞ for four values of λ : λ¼ 0:0;0:2;0:6, and 1.0 from top to bottom. (B) Time average of
the energy function, 〈E〉, as a function of λ.
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IðzÞ ¼
XN
m ¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Pncm P
c
m
q
χmðz;ΔÞ ¼
XN
m ¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃX
jAΩnc
X
kAΩc
χmðzj;ΔÞχmðzk;ΔÞ
s
χmðz;ΔÞ:
ð13Þ
We choose Δ¼ 0:2. As shown in Fig. 4, IðzÞ well captures the
change of 〈nb〉 and 〈nnc〉: As λ decreases, both the width and the
peak position of IðzÞ decrease, which indicates the suppression of
the overlapping and the entire thickness.
These results show that the calcium localization layer helps
stabilize the shape of the boundary layer, which is consistent with
the analysis of a reaction–advection–diffusion model of the epi-
dermis (Kobayashi et al., 2015). In our model, it is assumed thatcalcium accelerates the corniﬁcation process, and corniﬁcation in
turn induces calcium excitation. Such a relationship between cal-
cium and differentiation might account for some aspects of epi-
dermal homeostasis.3.2. Recovery from the disruption of the stratum corneum
Next we check if our model can reproduce an important
property of the epidermis: recovery from barrier disruption.
Grubauer et al. (1989) measured the barrier function of the epi-
dermis after removing part of the SC, and found that the recovery
of the barrier slowed down when the disrupted site is not exposed
to air. Although the detailed mechanism of this phenomenon is
Y. Kobayashi et al. / Journal of Theoretical Biology 397 (2016) 52–60 57still unknown, it is experimentally shown (Denda and Denda,
2007) that the ATP concentration is increased when keratinocytes
are exposed to air, which then induces calcium excitation. There-
fore, we incorporate the effect of air-exposure into our model as
follows. We introduce new particles that play a role of air, with the
radius r¼ rmax. These particles follow the same kinetic interactions
with the suprabasal cells, and when non-corniﬁed cells are in
contact with these air particles, they receive air-stimulation, which
is realized by the increase of the ATP (see the Appendix).
In numerical simulations of barrier disruption, ﬁrst we prepare
an epidermis in a steady state, which is obtained in the previous
calculations, as an initial state. Then at t ¼ 0 we remove the SC
cells and continue the simulation. In the case of air exposure, we
ﬁll the space of the removed cells with air particles. Fig. 5 shows
snapshots of the numerical barrier disruption experiment, with
and without air exposure. In both cases, recovery of the SC is
observed. In the case of air exposure (Fig. 5(A)), we observe a wide
range of calcium distribution toward the basal layer. Compared to
the case of no air-exposure (Fig. 5(B)), faster reformation of the SC
is observed.0
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Fig. 4. Calcium dependence of the overlap function. Time average of the overlap
function, 〈IðzÞ〉, is calculated for six different values of λ: λ¼ 0:0;0:2;0:4;0:6;0:8, and
1.0 from right to left.
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Fig. 5. Numerical simulation of barrier disruption with and without air exposure. (A) Sn
cells are removed from the steady-state epidermis.In the barrier disruption experiment (Grubauer et al., 1989),
barrier function was evaluated in terms of trans-epidermal water
loss. For the evaluation of barrier function in numerical simula-
tions, we take an indirect way. Since a relationship is known
between lipid secretion and barrier disruption (Menon et al.,
1992), we consider the quantity of lipids contained in the SC as a
measure of barrier. Hence we introduce a new variable repre-
senting lipid quantity, the dynamics of which are dependent on
calcium and the state variable.
Dynamics of the lipid quantity are determined as follows: it is
well known that lipid synthesis occurs in the granular layer,
located beneath the SC (Landmann, 1998). Also, experiments
suggest that lipids are synthesized and secreted depending on the
calcium level of the cells (Sando et al., 1996; Denda et al., 2003).
Hence we introduce two variables, the synthesized lipid quantity
vsyni ðtÞ and the secreted lipid quantity vseci ðtÞ for cell i, the dynamics
of which are determined as a function of ci and Si:
dvsyni
dt
¼ ðvmaxvsyni Þf synðci; SiÞ f secðci; SiÞ; ð14Þ
dvseci
dt
¼ f secðci; SiÞ; ð15Þ
where f synðci; SiÞ ¼ F1θðcnciÞθðSSSGÞ, f secðci; SiÞ ¼ F2θðcicnÞθðSi
SSGÞ and θ is the Heaviside function. Thus the lipid dynamics
start at Si ¼ SSGoSSC. Lipid is synthesized when the calcium level
is low, and secreted when the calcium level is high (Sando et al.,
1996; Denda et al., 2003), with the threshold given by cn.
Eqs. (14) and (15) are solved together with the epidermal
dynamics (Eqs. (1), (3)–(5), and (8)) . At each moment, barrier
function is determined using calculated vsyni as follows. Let us
divide the region 0rxrLx and 0ryrLy intoM1 M2 subregions
ðm1ÞΔxrxomΔx and ðn1ÞΔyryonΔy ðm;n¼ 1;…;M1;2Þ,
where Δx;y  Lx;y=M1;2, and measure the lipid quantity in the SC at
subregion ðm;nÞ:
ρmn ¼
X
jAΩc
χmðxj;ΔxÞχnðyj;ΔyÞvj: ð16Þ
Then for each subregion we deﬁne the penalty function:
Llocalmn ¼
1ρmn
ρn
; ρmnoρn
0 ρmnZρ
n;
8<
: ð17Þt=600 t=800
t=600 t=800
apshots with air exposure; (B) without air exposure. At t ¼ 0, all existing corniﬁed
0  200  400  600  800
0
 0.2
 0.4
 0.6
 0.8
1
0  200  400  600  800
0
5
10
 15
 20
 25
0  200  400  600  800
0
 0.2
 0.4
 0.6
 0.8
1
0  200  400  600  800
15
20
35
0
5
10
 15
 20
 25
15
20
35
15
20
35
15
20
35
10 10
10 10
Fig. 6. Recovery of barrier after disruption with and without air exposure. (A,B) Penalty function LðtÞ as a function of time, with the disruption size Rd ¼ 5, 10, 15, and 35:
(A) with air-exposure; (B) without air-exposure. (C,D) same plots, rescaled by the initial value Lð0Þ: (C) with air-exposure; (D) without air-exposure.
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for healthy skin. Here we set ρn ¼ 2ΔxΔy4r2max vmax, which is equivalent to
the assumption that approximately two layers of lipid-loaded cells
are sufﬁcient to fully express the barrier function. The penalty
function of the entire epidermis is then deﬁned as
L¼
XM1
m ¼ 1
XM2
n ¼ 1
Llocalmn : ð18Þ
The parameters are chosen as follows: F1 ¼ 0:032; F2 ¼ 0:050;
cn ¼ 0:25; SSG ¼ 7:0, vmax ¼ 1:0, and Δx ¼Δy ¼ 10:0.
Using this penalty function as a measure of the barrier function,
we performed simulations for barrier disruption for different
disruption sizes: we prepare the same steady state epidermis
as an initial state as before, and the SC cells in the region
fðx; yÞjx2þy2oR2dg are removed, where Rd are chosen to be
Rd ¼ 10;15;20, and 35, the last case corresponding to the removal
of all initially existing SC cells. Fig. 6 shows how the barrier
function recovers in time with and without air exposure, for dif-
ferent disruption sizes. Fig. 6(A) and (B) shows the penalty func-
tion LðtÞwith and without air exposure, respectively. Obviously the
time when LðtÞ reaches zero becomes longer for Fig. 6(B). To be
more precise, while in the case of air-exposure the recovery time
seems to converge to a certain value as increasing the disruption
size Rd, in the case of no air-exposure the recovery time increases
as Rd. This behavior is more visible when the penalty function LðtÞ
is rescaled by the initial value Lð0Þ for individual values of Rd (Fig. 6
(C) and (D)). This size dependence can in principle be tested
experimentally.4. Discussions and summary
The numerical results presented in this paper suggest a possi-
ble mechanism for the suppression of spatio-temporal ﬂuctuations
in the SC by the formation of the calcium localization layer
beneath the SC. It should be emphasized that, even if calcium
dynamics are not considered, our model still shows homeostatic
properties in terms of population balance in each layer. However,
there must be stabilization mechanism due to calcium dynamics to
realize spatio-temporal stability of the SC.
We have set aside several important aspects on the epidermis
such as shape change of the epidermal cells during differentiation
and undulations of the dermis, which must have inﬂuence on the
homeostasis of the epidermis. Also, adhesion among the cells,
which depends on the differentiation process, must affect cell
kinetics. Cell elasticity change during differentiation might be
another important problem, which can be implemented into our
model by assigning to the interaction coefﬁcient ϵ the dependence
on the differentiation stage. It is important to investigate to what
extent our results are affected by incorporating these aspects.
In the simulation of barrier disruption, we have introduced
lipids only for the purpose of monitoring and estimating the bar-
rier function; there is no feedback from lipid dynamics to the other
dynamics. As a consequence, the epidermal dynamics is also
independent of the status of the barrier function. In reality, the
epidermis shows responses to the barrier status (Denda et al.,
1998; Wood et al., 1992), and incorporating a feedback loop by
considering lipid dynamics-dependence might help enhance the
homeostasis. However, it should be noted that, even in our model,
a homeostasis property is expressed when the epidermis recovers
from disruption, which is enhanced by calcium dynamics.
Y. Kobayashi et al. / Journal of Theoretical Biology 397 (2016) 52–60 59To summarize, we have developed a mathematical model of
epidermal homeostasis, where calcium dynamics is responsible for
the stability of the layered structure of the epidermis. Since our
calcium model has sufﬁcient details corresponding to experi-
mental results on the behavior of keratinocytes, we expect that
our model can also be extended to the study of skin diseases
caused by deﬁciencies in calcium dynamics.Acknowledgment
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University, Japan) for valuable comments.Appendix. The model of calcium dynamics
To describe the behavior of calcium, we adopt the model of
epidermal calcium propagation in Kobayashi et al. (2014), which is
modiﬁed here so as to incorporate dependence of the dynamics on
the differentiation process, and the effect of air-stimulation in the
case of air-exposure simulations. In this model, ciðtÞ, calcium
concentration for cell i, is a function of PiðtÞ (concentration of IP3 in
cell i), hiðtÞ (inactivation factor), wijðtÞ (activity of the gap-junctions
between cells i and j, and Aðx; tÞ) (extracellular ATP concentration),
which obey the following equations:
∂A
∂t
¼ dAΔAKaaAþ
XN
j ¼ 1
G1 x; xj;
dcj
dt
 
þ
X
jAΩA
G2ðx; xjÞ; ð19Þ
dci
dt
¼
X
jAΛi
dcwijInðSiÞðcjciÞþFcðPi; ci;hiÞþ IðiÞc ðBÞ; ð20Þ
dPi
dt
¼
X
jAΛi
dPwijInðSiÞðPjPiÞþFPðA; SiÞKppPi; ð21Þ
dhi
dt
¼ 1
τhðSiÞ
Fhðci;hiÞ; ð22Þ
dwij
dt
¼ 1
τw
Fwðwij; ci; cjÞ; ð23Þ
where
G1 x; xj;
dcj
dt
 
¼ θðrjjxxj j ÞKacR
dcj
dt
 
;
G2ðx; xjÞ ¼ θðrjjxxj j ÞKstim;
InðSiÞ ¼
1
2
1þtanh SiSSG
δI
  
;
FcðP; c;hÞ ¼ KF μ0þ
μ1P
KμþP
 
α0þ
ð1α0Þc
K1þc
 
h γc
Kγþc
þβ;
IðiÞc ðBÞ ¼
KbcB
2
H2bþB2
iAΛ;
0 i=2Λ:
8><
>:
FPðA; SiÞ ¼ KðSiÞ
A
H0þA
; Fhðc;hÞ ¼
K22
K22þc2
h;
Fwðwij; ci; cjÞ ¼ wijþ
1
2
1þtanh wdj cicj j
ϵw
  
;
RðxÞ ¼
x xZ0;
0 xo0;
(
KðSiÞ ¼ Kpa0þ
KpaKpa0
2
tanh
SSGSi
δK
 
;
τhðSiÞ ¼ τgþ
τsτg
2
1þtanh SSGSi
δτ
  
:Here Λi is the set of cells whose element j satisﬁes
jxixj jodnðriþrjÞ, and Si is the state variable of cell i. The sti-
mulant B remains constant in time during the calculation of cal-
cium dynamics. This formulation differs from the previous work
(Kobayashi et al., 2014) in that some parts are state-variable
dependent: The state variables affect the gap-junction con-
ductivity (Tsutsumi et al., 2009), the timescale of the inactivation
factor (Tsutsumi et al., 2009), and the sensitivity to ATP (Tsutsumi
et al., 2009), each corresponding to the functions InðSiÞ; τhðSiÞ and
KðSiÞ. Also, the function G2 represents the ATP release induced by
air stimulation (Denda and Denda, 2007), and ΩA is the set of air
particles introduced in Section 3.2. Parameters are chosen as follows:
dA ¼ 1:0;Kaa ¼ 0:5;Kac ¼ 0:002;Kstim ¼ 0:1; dc ¼ 0:01; δI ¼ 1:5; KF ¼
8:1; μ0 ¼ 0:567, μ1 ¼ 1:0;Kμ ¼ 0:05;α0 ¼ 0:11;K1 ¼ 0:7; γ ¼ 2:0;
Kγ ¼ 0:1, β¼ 0:02;Kbc ¼ 0:4;Hb ¼ 0:1; dP ¼ 0:1;Kpa0 ¼ 6:0;Kpa ¼
4:0;H0 ¼ 0:5, δK ¼ 1:0;Kpp ¼ 0:3; τs ¼ 1:0; τg ¼ 0:2; δτ ¼ 1:0;
K2 ¼ 0:7, τω ¼ 1:0;wd ¼ 0:1, and ϵw ¼ 0:1.
To solve Eqs. (19) and (8), periodic boundary conditions are
assigned in xy directions. The Neumann boundary condition is
assigned at z¼ 0. As for the upper boundary, we adopt the fol-
lowing rule: the diffusion constants dA and dB at point x are set to
zero if the distance to the nearest non-corniﬁed suprabasal par-
ticle i; jxxi j , is greater than a certain threshold ln, so that che-
micals are contained inside the non-corniﬁed suprabasal layer. We
choose ln ¼ 2rmax.References
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